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1. Inczeduvceio:

The acouscic radiation frcu & free-Ilovgal ring (ransducer of rec-
tangular cross serction desenlds not 5;1; o the ofcilliticn of the mean
diameter, but or the pulsstion oi tae ring w:ll and Leight. On the
expansion of the rean diamater a josivive pressure is oroduced on the
outér suriace viiile a negetive sreesure i3 praduced ou che iuzer surface.
These two pressuies tead to cauzel on: another. Because of this, the
pressure arising frem ci'er yorzions of the ring can not, in general,
be neglecied. The osject of t~is report is to rresent a simple model
vhich easily acccmwodates these modes of vi.ra:zisn uhick are coupled
through the pieczoelectric state equations. 4 further object is to
fncorporate the piezcelectric coupling intc the torus model developed
by Parke and Saersan)’Z. "

The new model pré:enced uill be referred to as the ring model.

This model is derived in a: eleceutsry iastion bv replacing ihe separace
vibrating surfaces of a rin;-transducer of rectangular cross section

by separate thir rirgs witin source strern, ths equal tc the strengths of
the respective vibratin, sirfaces. The total field is ilwi: oitained by
superposing tae field frum cach ring Although tae oodel is approximate,
there is the advantage that the voiion of the separate surfaces nay be
direcily relatel to the piezo2iedctric ejuations whic Jescriie the moticn

of the actual jiysical moizl.

A comparis.n cf the .ar-fiels exnvesaice for the ring and torvs

todels s meic - {L is secr tihat tie onpr seicons are quite similer, but
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-1 not, indeed, identical. A comparisen Is also pade between tae results
S 8 oy ; 3
1 calculated fronm the ring wmodel, and artual measvrenents made by HMcMel o

1 on & plezoelectric free flooded transd:cer I+ is found tha: this model

yields a fzverable description of the far field pattern not only at ring

resonance but at cavity resonance.

I1. Develooment of the Rimy Medel

In this section we ehsll derive the equatiom for the far-field
pressure of the ring model. A viiraii:z ring-transducer of smsll cross
section will be approximated by four rings two separaced Ly the wall
thickness b and two sevarated by the height h « The strength of these
rings will be set equal to the strengtas of the corresponding surfaces
and the piezoelectric cguvation will be vsed to couple the m‘otim of the
surfaces to the motion of the zean radius 2, It will Le assumed thst
the presence of one ring does not sffect the field of the other, and
that the total field is simply due to the superposition of the fields
of 011 the individual rings.

Now the far-field pressure response p' Y, f) for a thin ring of
radius P vibrating with & uniform sinusoidel pulsation of the cross

section wmay be shown to vej

-
-t 3V

: ‘f;' . -~ = P ! l
plnein (EE T ey e (1

P
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where [ 72 1s tte characieristic impeiance of the medium, * is the vave ) \

number of the mediuvm, J, is tue zeroth order Bessel function, © is the
distaace co ti:e far field poirt from he center of the ring and 2 is
the angle betweer ¥ and the axis of the ring. 7The “"source strength” ‘

Q(p) is tie product of tie monal velocity and the surface ares of the

SRE TR U ORI RY AT

ring. W2 havz written § as @/p) to eophasize that it is a function
of the radius.

Ve will now superpose solutions of the above form to obtain a new.
model for the trznsducer. Let the actual physical model be as shown in
Fig. 1. The ring repr2sentstion {s shown below in Pig. 2. The rings

¢, t o b will b2 esed to repres2at the wotions of the‘ inside, top, _

outside, and bottom of the actial physical model. The strengths of the
rings will be taken to be 2qial to the stremgths of the corresponding

surface strengting of the actual physical codel. Thus

0:(2-th) = vy am(a b2)h (22)
Qt(.ﬂ—): "J; :17i—d,£- (2b)
. :?o(;lfb/z.)-:: AT (at b i (2¢;
’ (zd)
é,"b( 2) = v RE ab )
-3-
- e e ves S 5 e W, ;M-'.fwm"i?f'
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Figurr 1. Crous-Section of Actual Phvsical Model
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Now the rings ¢ and 0 are ceatersd in the same correspondiag plane P
as the actual ptysiczl wod2l; thus, for these rings Y= R | Since
the pressura }of\',ﬁ) is to be evelizted in tie far field, r,, R,aﬂd rb

are nearly paraliel; and hence,

P R- 2 s e (3a)
rox R+2 cozo (30)

vhere the above e:prassions are to be used in the phase, and I, = n= R
is to be used in the azplitude of Egs. (Cb) and (2d).

Hence for the t, < and b rings we have the respective pressures

) _iER )
p; = —‘-!:";-é %— ¥ ala —"/L)J;'{é(a.— &) siné s (ka)
o K L P

[ 4 - - . -~
Pt= -’:1,—_ --3-—‘ :‘: b.‘l, s-ol K- 6"\0‘¢ (hb)
. _<hax
P = f.f'c_% f"g - k(a.f"lz_)fogﬁ(af -’Iz\sino} (ke)
o o
&R _i %2 ps0
tc®e o ¢ — . ¢ T
P - ‘-’-f:- "R - : b J’ il’a, sin 03 c (ka)
L =

and the total pressure l:r is the sur.
The suimation of t%h2 alov2 eguations caa be reduced to a simpler
form by considering the velccit; distributions 77 77 .7 and n. We

note first that becaise of syimctry, the top-and tottom velocities will
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be equal in =agnitude and phase. With the notation , for these ve-

locities ( ¥, and vJ: } the total pressure contribution from the top and

bottca vibracticas 1is

. -[5’(_ . O ,‘,'C .
'('; t Py = "j’o"’e% px /{' <, (Ra :uns)(.osk;,-_- cso } (5)

The net velocity on the outside surface ./ and the net velocity on

the iuside surfacc /; ray be deconposad in the following marmer. On

-—

exparsior of the mean circemference, the mean radius A nmoves nutward
w@ith valocity -/ (Se2 Pig. 1). Ia addition to this motion tb.re is
the covpled vibration . : 4 = «[ , as noted, and the erpansios and

contraction of the thickness b of the ring. Calling this totion /]

B
we then mav vrite
n ; .~ 6a
£ = ,,.'é # - (6a)
b( = /’ - 'J' (6b)

where the direction of ArB is outward froz the cross section. With

this notation the total pressure contribution from the inside and outside

surfaces is
(7
-¢ER .

P"fro = "joc',e

C
K

e ,
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The first term is due (o the pvlsation of the wall of the ring, while \ .

P

the second term is due to th2 oscillatioa of the wall. The Bessel

; functions ray be expanded. by the addition formulah
< f
J.[ﬁk” =jong = ;:an Jﬂ(fcmsine).l;(i %‘; sin&) (8)
- = 6 = b
€ =1, nis 2

and, thus for b<zx and bt << we have

-c&K

: N I
PL"'Po: L_)';Cﬁ _C_.k._ ‘1'8 N Jol&d’..mﬂ_s
(9)
. -c&R - . - . T PR
*+igckc o b T aasite)- Rusine o, {Rasined} . .
L S :

i Collecting terms, we then have the total pressure F"' = (jvt + Pb) +

}

. . 2/- - b‘) C—Lm 1 . ﬁ . .

; lo_r:(. A ock 2R éA(O)J;(féd.smo)- a4 Sing J;(ﬁa,smﬁ)} (10a)
i

14

f where

: , .

' A(e):lf;{ﬂ; 22 . w23 oo %{'—cuo). (10b)
v, b vz, h

In this report we shall confine our attention to the far-field
angular response rather than an absolite determination of the pressure

lerel, The quantity of interest will the» be the far field directivity
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function R, normalized at 8 = 90°; that is ) o

*i Row pp(®)/ prlo=ss") ()

} Our analysis has led us to the point whers we mLst now evaluate

R IWVILATY R S P Ty

3 : the velocity ratios 43/, and d;/hd;, for a complete determination

E of the function A(®).

IIY. Pilezoelectric Coupling Between the Modes of Vibration

In this s2ction we shall determine the relations between the ex-
pansion of the circumference, the thickness, and the height of the
ring. From this analysis ‘the velocity ratio will be determined for
the complete descriptions of the directivity function R,. Since a
description of the pertinent modes of vibration has been given by
R. S, wOollettS, we need only relate his results to our m;del.

Before consid;riag piezoelectric effects, let us suppose the ring
to be a simple mechanical vibrator isotropic in the circumferential,
thickness, and height directions. With A denoting the total extension

in length the velocity ratios may be related to Poissonb ratio .6~ in

the following fashion.With Poisson's ratio defined as

A(.'ﬂTﬂv)/.zTI'a, Ada/b

we then have

Yalve = PManw = “f; « (13a)
Ms/fu = AB/.:Aa,:-;_‘; 5. (13b)

-8 -




Piael-!
RO - AR

0172-TH-3 - .35 $ e,
f-;&i»;":z&(;?
. 3

PRI Al
- o )

B Lmeroy
. = "-‘:-‘ﬁ’-'a,‘_’

Thus, for this case we have frox Eq. {1Cb) that : \

AY=L1-6 - 5 s (R osat]. (14) [,

For L exirzzely szall Eq. (10a) wmay then be written as

‘;(l— A5)3 (Ra sin6 )~ Rasine J;(@a.s:‘né)} (15)

It is seen that, for this apprc:rimation, the directivity function 1is
incependent of the height W and the thickness b .

In the more general case of an anisotropic piezoelectric ring the

A L B TS ANN PE A AL

coupling to the thickness zode ray be different than the coupling to
the height =ode and will depend on the clastic moduli and the piezo-

electric d constants. Defining f's and ’."“ as piezoelectric Poisson's

. constasts,
L-\b a T h a
= - - E - - 16
6-8' b Az ‘rﬂ h bOa (16)
and notinz that
V2! S Ab if, A
5/("_ = /a?A.‘b , ”/41; = h/.lAaz (17
it may be seen that
AlB)= |- r — & cos 7 &b co.m) (18)
)= 8 “u \ R :

Thus with a description of PB and ";‘ the far-field pressure would

be deterwiied by Egs. (10a) and (18).
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From the equations developed in R. §. Woollett's notes the relations
for ¢, eaud ¢, uay be writtea for the cases of a2 circumferential field,
radial field, and axial field (field directed between the top and bottom
surfaces). These results are sumuarized in Table I. For convenient
reference we have listed in Table II the material constants for Clevite
Ceramic B, PZ7-k, and PZ*-S. The approximatzs values for Nickel are also
given,

In the developrent of the esquations displayed in Table I it was
assumed that the medivn offerad no reaction and that the finite Ef‘vms
due to the internal losses in the ring (and mouuting). These cquations
then wovld be most applicable for the ring operating in air. For the
cases where the radiation loading is not negligible (as in underwater
operations) we shall assume the equations to be approximately true and
interpret f_ to be the mean resorant frequency (where applicable) and
interpret'@ﬁ to be the }easured value E}om a frequency response curve,

The Piezoelectric equations given in the previous section may also
be incorporated into the basic far field radiation equation for the
torus developed by Sherman and Parkel’e. This equation may be written
in terms of the present notations as

ik
¢ 9
Pr < iUpck R TR 583,(7%@ sin6) - ba simo J (ke sine) | (19a)

. A
(ka) ]
P . T

where B 3 - 7. (19b)

In the development of the above equations 6 1is the Poisson's ratio

for a long thin isotropic circular rod. Following the saze analysis but
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Table I  Zevstions for :':; sad f;

Radial Field {cerazic riag):

» Fe 2
4. = =33/§,, + YVPg

[- i 2 -
€ . (12)
g,= — 11 + _.»s(-‘,!sr‘zia- ”-z_,fs"e ) )
Axial Pield* (cera=ic ring):
dg= -1+ :‘i*ih)z’l!- °’£‘/>f,/' (1)
; P _3"’,‘-‘
So=— d’”’/“'sa + A5 LTy /s, )

Circunferential Field (sagoented ceramic ring):

€
] e AT S ? s../ € A ic
Gg=Ty=—dufy, + r0is) (dagy, — "8/s5,) (1e)

Circunferential Field (nagnetostrictive scroll):

: N 3
£ .- . PR TR B S/ " Id
Yg = -"-—13!./4“" -"\Iiy.v\s“'/_,j“" i “u) (1)
J

where &r is the resonant frequency and ¢ = /-

T

»
This case wae added for completeness.
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Yatle 17 Kazeriz]l Cocsiacts
r i '{"'”"” . € T e € I
3 S, 3 . S,
: -2
i Cerssics -3 -3z -3 -291 ¢
i 2r-: . -.%25 -.329 -3z -3 G
. - -3
S 5T S -.157 -. -% -. :
H I §
1 Eickel : -5 - ——- =~ .3 ;
R o

'These are the approxicate values svggested by Woollett and are for the

case of a constant magnetic field H rather than a constonr electric

field & .
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we fiad, throuZhs comsarizom, that

-=-.(ff (20)

F - -

-

h.J
;(=_6..i’."._
E £z

>R
2.\"

Thes, the eguations ia Tabie I may be imcorporsted into the torvs model
equation throvgk the vee of Eg. (20).

If we cotperz the ~pvatioss for the torus model [Eqs. (1Gs), (198),
(20)] with the eq-ations for the ring nodel [Z:s. (i0a) and (if)] 1 _
cav be seen that there is a close sindlaricty. Toe tasic differesce
seexs 0 be betuzex the functions AiS) gnd F . The functiom Ak
shows, in 2 si—ple fastios, thar the far-field presscre depends om the
height. For the case ihers £h is extremely ssmll both B and A(S)

are equal for
(%Y /5 = 3[:; -_ (ar.- f“)l!l i

Uith (a‘;'. * f')iz ~ Y5 both A and B would be esual for Ka = 1.87
vhich is close to the valuve for resonant operation of most ceramic ring
transcucers. Tous, we would expect that both nodels would give mearly

the saze results for resonance operations.

IV. Comparison With Yeasuremants

A corparison of the theoretical and reasured far-field response
for the transducer descrited by !’.c!-tai'm:x3 has bzen made. A comparieon
at ring resonance and cevity resonance was previously zade using the

toruvs model with an assumed sirple mechanical coupling between the
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oszillatize ef the mr2e citcit forome 26 T2 puis tiom of the rimg .-oss -
sectiom. IEr thiorzticzl zed:i wz shall use if iz risg nodel disan 26
ie S=ctions [i axd 1Il of 1&is report.
The Lrazsdicer &zscribed by MeYsbom ws poled radially. Aitho.. - i

it vas ciaized to be a PZT-A m2t=rial, it s felt tkat the measwre
Younz's nodeius icdicated 2 oorz compliact materisl such as FZT-S4.
Accordinglr, v uszd ke PZI-S3 constzrts iz the egiatiom for the i -
field pattere given iy Egs. (1!) 2=d (3Ga} alomg vith Eqs. (IT) and {ia).
Ths twr vmiamms in Eg. (ia) ate:f;and z". For the purpuses i

this initiai cozparisom we asswed G >3 1 ; and ikerefore, let #

"3}
3

eguzi €0 wniry in Zg4. (I2). The vaive of ¥, vas then chosen to be - ,cal
to thz averzze of th: riog resczact frequency € ic and the cavit- - ro-
a2t ireguezcy 15 Xc as meascvr-d br McMabon.

In Figs. 3 2od L the experizental axi theoretical curves =ay Ge
co=pared at ring rescaaxce G 4c and atit;.- resonance 10 Ic respectizely.
Bere we chos:z §, to be 22 Xc azd 4~ = 1 as discussad. It is seea that
the zgreerext is quite good not only at ring resonance but at cavity
resonaace.

In order to evaliate the cifectivencss of the piezoel:ctric coupling,
a calculation was wade at cavity resonance using the ring model wit: only the
mechanical coupling as described by zg. (15). The valve of © use. vas
0.3(7 as éeoternined fross Table Il. As szen «n Fig. 5, this siap:e-
mechanized rodel does aot cocpare as favorably as the wodel with the

plezoelectric coupling.
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7. Swoars and Ysierision

In ti33 cepCrs w2 “awr prese=:zd 3 orx theoretical codel Sor the
2cocstic radiztioc Jrox 2 irze flooézd sizzozlectric riag traaedecer.
A shcugs ppreziiziz, e 10d2) dses yield 2 simple and f2irly accszate
d=scriptios of th: far-fitld directivity feaction. A cooparises with
McMchon's d21:2 showod thaz, at lzast im kis case, the iaclrsiom of the
pizzoelecirie cesplicg effects riellded g tetisr agrs:zest at cavity
rescaanee thzz with tie frcivsioa of only eckazmical covpliag effects.

Toz agrseczat 2T cxvity rzsozaace iz 2lso retter than paeviorslr obtaimed

e

with the gorss mod=i ~ -

Clearly, the tieorr L2s fts short-co.fizgs, asd 2 limited ramge of
arolicedility. It was a2sswed hat the vidretimg scrface nmay be repre-
sexted by sizple vivratiey rings. Thes, we did a0f take into accouvat
tie fact 2t the radiation irom izner and outer suriaces is, im gemeral,
é=pendent cr the Lzight and wall thicksess. It would seem, therefore,
that tie theory presented wuld be =ost applicable to short, thin-walled
rings. Another deficiency is frvclved in the covpled piezoelectric
cquations iz the sensc that in their presznt form assuned values of "Q”
and resopance st be used.

In the future, we Lope to compare the theory with rore experizental
data before adding refinecents. On2 way will be to rake a co=parison
with seasurcoents cn different free-flood=ad ring transducers; that is,
transducers excited in different wavs, sad transducers of tue saze

diameter and wall thickness but of varyiag height. This cocparison




L Taisent® T AR ST T s b L 4 VR TG W s WRpMIHE 8T TR PR LT A TR S P SN U foia L LI F I Lt G T R

PR, i A ————————————

Tantst W o stt e 2 oor wecd -wrees, i comtrvaorss = 0!?5*1!!'3

At VIS g @ R M A veAwe W T

zhoald rield = grod indicarics of the Yiadzaiiccs of I3z agese=i sisple
heary. Azolimcr fest wiil Mo 2o cowpere e wacesimestz] smd theovetical
far-fiedd zoss2cre [regmeney sesposse. The prosent thigry e be casily
232pzed o 7i2I8 such 3 predicion by sei2iizg the wciokity < to the
ivpat woltass.

It apoears thar ke roct difficc it region o 05tais 2 geod predictiom
of thx far-iisli presscre will ke iz ti: viciniiy of the sxis of the
eylisder. Ie this pagisc the esciiiations ol the neas cirauwicrence
comtzibetes iiitle fo ke groesswre, aud cozsegwentiy, lie radiatiom
froo tee beigh: and weii Ridkaess wil: e conparatiwely sigaificaat.
Tows, here ii: zzlative maguiiudes of ib2 vitralions will be izportant.
Tae czaner of sxcit2iics: {(direciion ci zezanent polarization) aisag
wilk the valizs of ke physiczl corsizais will indeed influercs the
radiation: iz 125 region,

Although xe have recemaziy 2cquired soce ncafdata on irce-flooded
electrestrictive rinss, no éats in addition to that previously reported
on free-flood=d zagnetostriciive scrolif sec=s to bde avajilable. Ve
would like tc siggest that mzascrerests be rzde on a scroll vith a square
cross-section that is comsicderably l2ss tham ore-fourth of a vavelength.
A cocplete szt of data including fepedance loops, calibdrated freguency
responses (at @ = 0° 204 90°), and directivity patterns vould be wost
kelpful. Possilly a srall - high frequency nodzl wouid lend itsclf

Dost easily to s pi--isely controlled lzboratory set vp aini measurement.

»
Incirding consideralile LPPUbliSh‘d data kindly given to us by farris A.$.¥.,
Westwood, Mass,
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